Jørgensen's Inequality guarantees J(Γ) ≥ 1, and Γ is a Jørgensen group if J(Γ) = 1. This paper shows that the only torsion-free Jørgensen group is the figure-eight knot group, identifies all non-cocompact arithmetic Jørgensen groups, and establishes a characterization of cocompact arithmetic Jørgensen groups. The paper concludes with computations of J(Γ) for several noncocompact Kleinian groups including some two-bridge knot and link groups.
Introduction
In [15] , T. Jørgensen establishes the following well known necessary condition for two elements of PSL 2 C to generate a non-elementary discrete group. Jørgensen's Inequality guarantees J(Γ) ≥ 1, and if J(Γ) = 1, then Γ is a Jørgensen group and has been the subject of much study. Among the first such results is the following combination of Theorems 1 and 2 in [16] . A Jørgensen group Γ = X, Y with J(X, Y ) = 1 is then of parabolic or elliptic type according to whether X is parabolic or elliptic as a consequence of Theorem 1.1.
The following problem has attracted much attention (e.g., [16] , [10] , [28] , [26] , [17] , [18] , [19] , and [11] ).
Problem 1.2. Identify all Jørgensen groups.
1 It is observed in [16] that there are uncountably many non-conjugate Jørgensen groups in general, so most work on Problem 1.2 has entailed restriction to more tractable cases. For instance, all Jørgensen subgroups of the Picard group PSL 2 (O 1 ) are found in [11] , and Theorem 3 of [16] This paper solves Problem 1.2 in two cases: torsion-free Kleinian groups and noncocompact arithmetic Kleinian groups (recall that a finite-covolume Kleinian group is non-cocompact if and only if it contains parabolic elements; see, for instance, Section 1.2 of [22] ).
Identifying PSL 2 C with the orientation-preserving isometries of H 3 , we exploit in Section 2 the correspondence of torsion-free Kleinian groups Γ with orientable hyperbolic 3-manifolds H 3 /Γ (see, for instance, Section 1.3 of [22] ) to prove the following result.
Theorem 1.4. The figure-eight knot group is the only torsion-free Jørgensen group.
We then observe in Section 3 that the main theorems of [17] , [18] , and [19] combine to find all Jørgensen groups of parabolic type (θ, k), meaning that the group can be generated by the matrices where 0 ≤ θ ≤ 2π and k ∈ R (note our mild abuse of notation which will be continued tacitly throughout: we blur the distinction between elements of PSL 2 C and their lifts to SL 2 C). It is conjectured in [17] , [18] , and [19] that every Jørgensen group of parabolic type is conjugate in PSL 2 C to a Jørgensen group of parabolic type (θ, k). If this conjecture were true, then Problem 1.2 would be solved for Jørgensen groups of parabolic type. In Section 4, however, we disprove this conjecture by exhibiting four Jørgensen groups of parabolic type that are not conjugate to any Jørgensen group of parabolic type (θ, k) found in [17] , [18] , or [19] ; these counterexamples are PGL 2 (O 3 ), PSL 2 (O 3 ), PSL 2 (O 7 ), and PSL 2 (O 11 ), where O d is the ring of integers in Q( √ −d) for d ∈ N. This is part of our second contribution to Problem 1.2: we identify all non-cocompact arithmetic Jørgensen groups (and hence all arithmetic Jørgensen groups of parabolic type) by proving the following result. Since Jørgensen groups are two-generator by definition, Theorem 1.5 can also be regarded as a solution to the following problem in the case of non-cocompact Jørgensen groups. Problem 1.6. Identify all two-generator arithmetic Kleinian groups. Problem 1.6 has also attracted much attention, including [20] , which proves that only finitely many arithmetic Kleinian groups can be generated by two elliptic elements; [8] , which identifies all arithmetic Kleinian groups generated by two parabolic elements; and [6] , which identifies all two-generator arithmetic Kleinian groups with one generator parabolic and the other elliptic (see Theorem 3.6 for statement).
In proving Theorem 1.5, we demonstrate that
, the unique subgroup of index 10 in PSL 2 (O 3 ), a Z 2 -extension of the figure-eight knot group by an involution that conjugates each parabolic generator to its own inverse, and the two subgroups of index 6 and 8 respectively in PGL 2 (O 1 ) are two-generator arithmetic Kleinian groups with one generator parabolic and the other loxodromic. None of these were identified as two-generator arithmetic Kleinian groups in [20] , [8] , or [6] and can therefore be regarded as a contribution to Problem 1.6.
We now turn our attention to Jørgensen groups of elliptic type. The following useful result is observed in [10] . Exploiting this and the enumeration of all arithmetic triangle groups in [30] , we establish in Section 5 a characterization of arithmetic Jørgensen groups of elliptic type from which it follows that they are cocompact.
We conclude in Section 6 by bounding J(Γ) if Γ is non-cocompact (e.g., a twobridge knot or link group) and in Section 7 by computing J(Γ) for several such groups, including that of the Whitehead link, whose Jørgensen number was shown to be two in [27] ; the others have not yet appeared in publication.
Torsion-Free Jørgensen Groups
To prove Theorem 1.4, we first recall the notion of waist size for cusps in hyperbolic 3-manifolds introduced in [1] . The waist size w(M, C) of a cusp C in an orientable hyperbolic 3-manifold M = H 3 /Γ is the length of the shortest translation in C after expanding C until it first touches itself on its boundary, i.e., expanding C to a maximal cusp. Note that if Γ contains parabolic elements, then M is noncompact and contains one or more cusps. The following is a combination of Lemma 2.4 and Theorem 3.1, both from [1] . 
Proof. After expanding C to a maximal cusp, its height h is that of the expanded horoball H. Let T = a b c d ∈ Γ with c = 0. Then T (H) is a horoball based at a c of diameter 1 h|c| 2 whose interior is disjoint from that of H. Hence, h ≥ 1 h|c| 2 , so h ≥ 1 |c| . The translation length of A at height h is 1 h ≤ |c|, so w(M, C) ≤ |c|. Since T was arbitrary,
To prove Theorem 1.4, we define the generalized Jørgensen number of an arbitrary subgroup Γ of PSL 2 C to be
Again, Jørgensen's Inequality guarantees J(Γ) ≥ 1, and if Γ is rank-two, nonelementary, and discrete, then J(Γ) ≥ J(Γ) by definition. Proof. As established in [25] , if H 3 /Γ is the figure-eight knot complement in S 3 , then Γ is generated by the matrices Then M contains a cusp C that lifts to a disjoint set of horoballs, one of which is based at ∞. By assumption,
Jørgensen Groups of Parabolic Type (θ, k)
Following [17] , [18] , and [19] , a group of parabolic type (θ, k) is denoted G θ,k and is generated by the matrices
where 0 ≤ θ ≤ 2π and k ∈ R. The main theorems of [17] , [18] , and [19] combine to find all Jørgensen groups of parabolic type (θ, k), and the following conjecture is made. [17] , [18] , or [19] ; these counterexamples are
, and PSL 2 (O 11 ). Since arithmetic Kleinian groups necessarily have finite covolume, we restrict our attention to finitecovolume Jørgensen groups of parabolic type (θ, k) and state the main theorems of [17] , [18] , and [19] , together with Corollary 3.5, Lemma 3.6, and Lemma 3.8 of [18] (cf. Corollary 6.3 and Lemma 6.4 of [26] ), as follows. • (
This completes the identification of all finite-covolume Jørgensen groups of parabolic type (θ, k). To determine which of these is arithmetic, we recall some basic facts about two-generator Kleinian groups and arithmeticity; these will also be useful in the next two sections. The first is a combination of (3.25) and Lemmas 3.5.7, 3.5.8, and 8.5.2 in [22] . • The trace field is Q(trΓ) = Q(trA, trB, trAB).
• If trB = 0, then the invariant trace field is
• If trB = 0, then the invariant trace field is kΓ = Q(tr 2 A, tr 2 B, trAtrBtrAB).
• If trA, trB, and trAB are algebraic integers, then trΓ consists of algebraic integers.
The following characterization will enable us to determine when a finite-covolume non-cocompact Kleinian group is arithmetic (cf. Theorem 2.2 of [8] 
This is equivalent to Γ being commensurable with the Bianchi group PSL 2 (O d ), so it is useful to recall from Section 5 of [6] the presentations of several Bianchi groups (cf. [13] and [29] ).
is generated by the three matrices
where
The full presentations of these Bianchi groups are as follows.
•
We also recall Theorem 1.1 from [6] , which identifies all two-generator arithmetic Kleinian groups with one generator parabolic and the other elliptic. We further note the invariant trace field of each. • If B has order 2, then there are six groups:
extensions of the figure eight knot group each with index 6 in
• If B has order 3, then there are three groups:
• If B has order 4, then there are three groups:
• If B has order 6, then there are two groups:
We are now prepared to identify which Jørgensen groups of parabolic type (θ, k)
in Theorem 3.2 are arithmetic. We conjugate G θ,k by 1 −ik 0 1 and henceforth regard G θ,k as the group generated by the matrices
where 0 ≤ θ ≤ 2π and k ∈ R.
is an arithmetic Jørgensen group if and only if (θ, k) is one of the following pairs.
• (
2 n) for n ∈ Z, in which case G θ,k is the figure-eight knot group if n is odd and a Z 2 -extension of the figure-eight group by an involution that conjugates one parabolic generator to the other if n is even.
extension of the figure-eight group by an involution that conjugates one parabolic generator to the other if n is even and by an involution that conjugates each parabolic generator to its own inverse if n is odd.
2 ), in which case G θ,k is the unique subgroup of index 10 in PSL 2 (O 3 ). Proof. Let G θ,k be a finite-covolume Jørgensen group with 0 ≤ θ ≤ π/2 and k ≥ 0. Then (θ, k) must be one of the pairs listed in Theorem 3.2. By Lemma 3.3, trG θ,k consists of algebraic integers for each of these pairs, but if (θ, k) = (
is not a quadratic imaginary extension of Q and hence G θ,k is not arithmetic by Theorem 3.4.
For each of the remaining cases, we first use Lemma 3.3 to see that kG θ,k is a quadratic imaginary extension of Q (and hence G θ,k is arithmetic by Theorem 3.4), and then we identify G θ,k using the theorems above.
πi/3 1 and
We have already seen that A, C is the figure-eight knot group. If n is even, then let
Then B θ,k = DT n/2 , T ∈ A, C , and DAD −1 = C, so G θ,k = A, D , which is a Z 2 -extension of the figure eight knot group by an involution that conjugates one generator to the other. Note also that Q(trG θ,k ) = Q(e πi/3 ) by Lemma 3.3. If n is odd, then observe that
, and
above, we see that A = T S −1 and
is a subgroup of index 6 in G π 4 ,
−πi/3 1 and
Note that A, C is again the figure-eight knot group. If n is even, then let
e −πi/6 0 .
Then B θ,k = DT n/2 , T ∈ A, C , and DAD −1 = C, so G θ,k = A, D , which is a Z 2 -extension of the figure eight knot group by an involution that conjugates one generator to the other, but here Q(trG θ,k ) = Q(e πi/6 ) by Lemma 3.3, so this Z 2 -extension of the figure eight knot group is not conjugate to the one found in Case 1 since the trace field is a conjugacy invariant of finite-covolume Kleinian groups (see, for instance, Section 3.1 of [22] ).
If n is odd, then let
As D conjugates A and C to their own inverses, we conclude that G θ,k = A, C, D is a Z 2 -extension of the figure eight knot group by an involution that conjugates each parabolic generator to its own inverse. 
Arithmetic Jørgensen Groups of Parabolic Type
To prove Theorem 1.5, we first identify all arithmetic Jørgensen groups of parabolic type. We begin by stating Poincaré's Polyhedron Theorem (see Section IV.H of [23] for notation and terminology), which we will use to construct fundamental polyhedra for arithmetic Jørgensen groups of parabolic type not treated in [17] , [18] , or [19] .
Poincaré's Polyhedron Theorem. Let P be a polyhedron with side pairing transformations satisfying the following conditions (1) through (5) . Then the group Γ generated by the side pairing transformations is discrete, P is a fundamental polyhedron for Γ, and the reflection relations and cycle relations form a complete set of relations for Γ.
( α(e k ) = 2π/q.
(5) P * is complete.
We also recall the notation of [17] , [18] , and [19] , which we will borrow when using Poincaré's Polyhedron Theorem. Let F X and F
X1
−→ e (m,2),θ2
where the initial edge e (m,1),θ1 is mapped to the second edge e (m,2),θ2 by the side pairing transformation X 1 , then the edge e (m,2),θ2 is mapped to the edge e (m,3),θ3 by the side pairing transformation X 2 , and so on. The final edge e (m,n),θn is mapped to the initial edge e (m,1),θ1 by the side pairing transformation X n and the sum of all angles at the edges in this sequence is equal to θ. The cycle transformation X n X n−1 · · · X 1 is either the identity transformation, in which case p = 1, or an elliptic transformation of order p.
We are now prepared to identify all arithmetic Jørgensen groups of parabolic type by proving the following theorem. Throughout the proof, we note whenever a group of parabolic type (θ, k) is encountered and refer to its identification in Proposition 3.7. To complete the proof of Theorem 1.5, we will show in Section 5 that arithmetic Jørgensen groups of elliptic type are cocompact and hence the fourteen arithmetic Jørgensen groups of parabolic type listed below are precisely all non-cocompact arithmetic Jørgensen groups. . Let
1 , and
Then ST = B and U A = T , so Γ = A, S, T = A, S, U . If n < 0, replace T with U −1 , so assume n > 0. Now assume n > 1 or d > 11 and consider the polygon P in Figure 1 with sides Therefore, by Poincaré's Polyhedron Theorem, Γ has the presentation
and P is the fundamental polyhedron for Γ. Clearly P has infinite volume, so Γ is not arithmetic if n > 1 or d > 11. Case 2. Suppose σ = i. If trB = λ = 0, then Lemma 3.3 yields kΓ = Q, a contradiction, so trB = λ = 0 and trBtrAB − tr
2 ), so Γ is not a Jørgensen group by Proposition 3.7.
for some integers m and
If n is even, replace B with BA m+n/2 and assume
, so Γ is not a Jørgensen group by Proposition 3.7.
If n is odd, replace B with BA . Let
Then ST = B and U A = T , so Γ = A, S, T = A, S, U . If n < 0, replace T with U −1 , so assume n > 0. If n > 1 or d > 11, then consider the polygon P in Figure 2 with sides Solid lines denote edges, solid dots denote edges parallel to the t-axis, dashed lines are on the boundary of H 3 , and dotted lines denote the x-and y-axes in the boundary of H 3 . The sides F S and F S −1 are on the unit sphere centered at the origin; all other sides are perpendicular to the boundary of H 3 .
Then X(F X ) = F X −1 for X ∈ {A, S, T, U } are side pairing transformations with the following five cycle transformations:
Therefore, by Poincaré's Polyhedron Theorem, Γ has the presentation
and P is the fundamental polyhedron for Γ. Clearly P has infinite volume, so Γ is not arithmetic if n > 1 or d > 11.
The case of n = 1 and d = 3, 7, or 11 is similar (i.e., Γ does not have finite covolume and hence is not arithmetic); see [5] for details. Hence, λe −π/2 = m + ne −2π/3 for some integers m and n, so λ = mi + ne −πi/6 . Replacing B with BA −n , assume λ = mi. If m is even, then replace B by BA m/2 and assume Figure 2 . The polygon P viewed from the point at ∞ above. Solid lines denote edges, solid dots denote edges parallel to the t-axis, dashed lines are on the boundary of H 3 , and dotted lines denote the x-and y-axes in the boundary of H 3 . The sides F S and F S −1 are on the unit sphere centered at the origin; all other sides are perpendicular to the boundary of H 3 . Now suppose m is odd. Let
If m ≡ 1 mod 4, then let Hence, λ = m + ne −πi/3 for some integers m and n. Replacing B with BA −n , assume λ = m. If m is even, then replace B by BA −m/2 and assume
, so m can be any even integer by Proposition 3.7; Γ is the figure-eight knot group if m ≡ 2 mod 4 and is a Z 2 -extension of the figure-eight knot group by an involution that conjugates one parabolic generator to the other if m ≡ 0 mod 4 (recall that this Z 2 -extension of the figure-eight knot group is not conjugate to the one found in Case 4 by comparing trace fields). Now suppose m is odd. Let
and
If m ≡ 1 mod 4, then let
so B ∈ A, D since T ∈ A, C and C = DAD −1 . Since D is elliptic of order 3, we conclude that Γ = A, D is PSL 2 (O 3 ) by Theorem 3.6. Thus, PSL 2 (O 3 ) is an arithmetic Jørgensen group of parabolic type but is not identified in Proposition 3.7. Hence, PSL 2 (O 3 ) is not of the form G θ,k .
The cases when m ≡ 3 mod 4 and when σ = e πi/3 and d = 3 are similar; see [5] for details.
Arithmetic Jørgensen Groups of Elliptic Type
Before discussing arithmetic Jørgensen groups of elliptic type, we recall several more facts about two-generator Kleinian groups and arithmeticity. The first, Theorem 3.6.2 in [22] , will enable us to determine invariant quaternion algebras.
Theorem 5.1. If X, Y is an irreducible subgroup of a non-elementary group Γ in PSL 2 C such that X is not parabolic and neither X nor Y is elliptic of order two, then the invariant quaternion algebra is
kΓ .
We next state Theorem 8.3.2 of [22] , together with Lemma 4.1 in [9] , which will enable us to determine when a finite-covolume Kleinian group is arithmetic.
Theorem 5.2. A finite-covolume Kleinian group Γ is arithmetic if and only if the following three conditions hold.
(1) kΓ is a number field with exactly one complex place. We now establish the following characterization of arithmetic Jørgensen groups of elliptic type, which completes the proof of Theorem 1.5 as a corollary.
Theorem 5.4. A finite-covolume Kleinian group Γ is an arithmetic Jørgensen group of elliptic type if and only if Γ = A, B such that the following six conditions hold.
(1) A is elliptic of order n ∈ {7, 8, 9, 10, 11, 12, 14, 16, 18, 24, 30}. Theorem 5.3 further implies that ∆ is a subgroup of an arithmetic Fuchsian group G. But, by Theorem 3B of [12] , (2, 3, n)-triangle groups cannot be subgroups of strictly lager Fuchsian groups. Therefore, ∆ = G, and so ∆ is an arithmetic (2, 3, n)-triangle group. Using the enumeration of all arithmetic triangle groups in [30] and noting that n = ∞ since A is elliptic of order n, the (2, 3, n)-triangle group is arithmetic if and only if implies that trAtrBtrAB satisfies the quadratic equation
As τ is a real embedding of kΓ, we must have τ (δ) > 0. Having already shown that
Condition (4) is now established.
Suppose trB is real. Then tr 2 B ∈ R ∩ kΓ = Q(cos since n > 6, so B cannot be elliptic or parabolic. Condition (2) is now established, and Condition (6) follows directly from Theorem 5.2, so necessity has been proved.
We now verify that sufficiency follows from construction. Suppose Γ = A, B is a finite-volume Kleinian group such that the six conditions of the theorem hold. Then Condition (4) ensures that kΓ is a number field with exactly one complex place, Conditions (1) and (6) imply that trΓ consists of algebraic integers by Lemma 3.3, and Conditions (4) and (5) guarantee that AΓ is ramified at all real places of kΓ, so Γ is arithmetic by Theorem 5.2. Finally, Conditions (1) (1) of the theorem. Since the invariant trace field is an invariant of the commensurability class of a finitely generated non-elementary Kleinian group (see, for instance, Section 3.3 of [22] ), the result follows.
Thus, the non-cocompact arithmetic Jørgensen groups are precisely the arithmetic Jørgensen groups of parabolic type identified in Theorem 4.1, thereby completing the proof of Theorem 1.5. We also note that Conditions (1) and (3) of Theorem 5.4 show that arithmetic Jørgensen groups of elliptic type are Kleinian groups with real parameters, which are discussed in [7] .
Bounds on Jørgensen Number
We begin with a simple bound on Jørgensen numbers of Kleinian groups containing parabolic elements. Proposition 6.1. Let Γ be a Kleinian group that contains the parabolic element
If Γ is non-elementary and can be generated by A and another element, then
Since T was arbitrary, the bounds follow. Now suppose that H 3 /Γ is a hyperbolic two-bridge knot complement S 3 K. Following Section 3 of [24] and Section 4.5 of [22] , K is determined by a pair of relatively prime odd integers (p/q) with 0 < q < p, and Γ = A, B | AW = W B where
where z satisfies the integral monic polynomial equation
where n = p − 1 2 and denotes summation over i 1 < i 2 < · · · < i k with alternating parity. Then kΓ = Q(trΓ) = Q(z), and since two-bridge knot groups are not free, a well known result establishes the bound |z| < 4 (see, for instance, Theorem B of [24] , which is attributed to J. Brenner). e i1 e i2 e i3 z 2 + · · · + (e 1 e 2 · · · e 2n−1 )z n = 0 where again denotes summation over i 1 < i 2 < · · · < i k with alternating parity. As before, kΓ = Q(trΓ) = Q(z), and |z| < 4. Proof. Since L has two components, it is not the figure-eight knot, so the bounds follow as before with Proposition 6.1 and Lemma 2.2 applied to B this time.
Computations of Jørgensen Numbers
To compute the Jørgensen numbers of several non-cocompact Kleinian groups, we first collect some preliminary results that will be useful in what follows. We begin with Lemma 7.1, combined the comments and definitions that precede it, in [9] . Our application is the following. • If Γ is the figure-eight knot group, then J(Γ) = 1.
• If Γ is the Whitehead link group, then J(Γ) = 2.
• If Γ is the 6
